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I. Computation of the Gradients of the Lagrangian Function

The Lagrangian function is:
LUV) = Ul + VIE + AlAX) - b3 (1)

where X = UV’. Considering the fact that A = {41, Aa,---, A,}, the Lagrangian function
could be reformulated as:
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As a result, we have the following:
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Similarly:
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Note that the Chain Rule is applicable to Eq. and Eq. because of the linear relationship
between A; and X. More rigorously, we give following derivation.
Let A € R™*™ U € R™*" )V € R"*", and let y = (A, UV"), then:

AUV dy [ dy )
oUu h oUu B 6uij MXT

Let U = [UjUS---U) and V = [V]V5--- V], where U; and V; are the i-th row vectors of
U and V, respectively. Then the function y = (4,UV’) can be expanded in the following way:

y=(A,UV") ZaUU V Za” Zuzkv]k = ZZG,Ju,kv]k (6)

As a result:
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where A; is the i-th row vector of A, and Vj, is the k-th column vector of V.
As a result, the scalar-to-matrix partial deviation can be derived in the following way:
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which gives the same result as that of Eq., and Eq. can be derived in a similar way.
II. Derivation of the Updating Rules of the Optimization Problem
According to the above section, we have the following gradients of U and V:
Vy=U+A (Z: (tr(AUV') — by) Ai> v
Vy =V 4+A (ZP_ (tr(AUV') — by) A<) U )
v i=1 g v

Now we conduct linear search for U on the direction given by Vi, which means that U could



be updated as U <— U 4+ 7V, and the Lagrangian function is reformulated as:
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As a result, the derivative in terms of ~ is:
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Let /() = 0, we then have the step size vy for U as:
B _tr(V’UU) + AP tr(AVe V) (tr(ALUV) — b;) (12)
e (V] V) + A ST (AN, V7)
and the corresponding updating rule for U is:
U+ U+vwVuy (13)
Similarly, the step size for updating V is:
(V) +A S tr(ALUVL) (tr(AUV!) = by) (14)
W= (Vi Vv) + AXT_, r2(ALUVY,)
and the corresponding updating rule for V is:
V—V4+ywVy (15)

III. Reference

[1] Y. Zhang, M. Zhang, Y. Zhang, Y. Liu and S. Ma, Understanding the Sparsity: Aug-
mented Matrix Factorization with Sampled Constraints on Unobservables, In Proceedings of
the 23rd ACM International Conference on Information and Knowledge Management (CIKM
2014), Shanghai, China.



